Introduction
Music theorists have long recognized that common practice in the arrangement of chords places wide intervals at the bottom of the sonority with progressively smaller intervals toward the top. Historically, theorists have appealed to the harmonic series as an approximate guide to the spacing of tones within a chord or vertical sonority (e.g., Piston, 1941/ 1962; Christ, DeLone, Kliewer, Rowell, &: Thomson, 1980 ). This account has become less popular during the past century as theorists have become more aware of the discrepancies between musical practice and the harmonic series. In speaking of the practice of increasing the spacing between successive tones with decreasing pitch, Piston has noted that
A Reexamination of Plomp and Levelt
In the second half of Plomp and Levelt's original study of tonal consonance (1965), they carried out a lengthy analysis of two musical works. These analyses demonstrated an apparent consistency between the composers' spellings of vertical sonorities and Plomp and Levelt's theory of tonal consonance-thus implying that critical bands provide the best account for the organization of vertical sonorities. In carrying out a replication study of Plomp and Levelt's work, the authors uncovered methodological difficulties that cast their demonstration into doubt.
According to Plomp and Levelt's theory, the structure of a vertical sonority is determined by both the set of fundamental frequencies (as notated in a score) and the harmonic spectra of the performing instruments. In short, a vertical sonority is best regarded as an aggregate of (many) partials, rather than as a (small) set of fundamentals. This means that the spectral content of typical instruments plays an important role in determining the spelling of vertical sonorities. Each graph in Figure 1 shows the effect of the addition of one successive harmonic from the harmonic series on the interval distributions. For example, Figure lb plots the aggregate distribution of intervals arising from a permuting of the first and second harmonics of all fundamentals occurring in each sonority. In this case, the lower tone of an interval may be either the first or second harmonic of the lower complex tone, or the A difficulty with Plomp and Levelt's original analysis of musical sonorities is that they relied on a descriptive approach. In the absence of a control group against which actual musical practice can be contrasted by inferential methods, it is impossible to gauge the validity of their conclusions. This difficulty is aggravated by two factors. One factor is the relatively small sample size used: 2 of 12 pitch-classes in only two musical works. A second, more serious difficulty is that a plausible confounding effect that accounts for the pattern in their original data can be identified.
Plomp and Levelt's musical analyses modeled the spectral content of typical instruments as consisting of a set of harmonics having equal amplitudes. Figures la-i reproduce Plomp and Levelt
Recall that critical bands provide an intermediate measure between frequency and log frequency. If the notated pitches in musical works tend toward log-frequency-uniform spacing, then as successive harmonics are added, the ensuing spacing of partials will progressively drift toward a (linear) frequency-uniform spacing-in the process passing through a critical-band-uniform spacing. Specifically, the addition of successive partials will lower the average interval size (in frequency terms) in the higher frequency range, without affecting the interval sizes in the lower end of the sonority. The distribution will thus become progressively more uniform with respect to frequency.
In short, adding harmonics can be likened to adding white paint (frequency) to a container of black paint (log frequency). An intermediate distribution of critical bands (grey) will necessarily be achieved depending on the proportion of white added. Thus the number of harmonics considered will be important in any analysis of the organization of vertical sonorities. As we shall see, adding harmonics to randomly reordered pitch collections also will generate sonorities that appear most consistent with a critical band spacing.
An Unfortunate Confound Revealed
We initiated a replication study of Plomp and Levelt in order to determine whether the hypothesized confound appeared in their demonstration. We encoded one of the two original works analyzed by Plomp and Levelt to ensure that our interpretation of their method led to the same results. An inferential approach requires that we contrast actual musical practice with a control sample of "random music." In order to test for the 
An Alternative Approach
These results are quite disheartening since they undermine a classic demonstration in the field of music perception. We therefore set out to reinvestigate the question of the spelling of vertical sonorities using an alternative method. We chose to investigate which of three yardsticks (frequency, log frequency, critical bands) best accounts for the distribution of partials arising from the notated pitches given in composers' scores.
By "best," we mean a measure over which the partials comprising a sonority are most uniformly or homogeneously distributed. By way of clarification, each yardstick or measure can be likened to a pair of goggles through which the distance between tones in sonorities can be viewed. A measure is deemed to be "uniform" if the distances between successive tones appear to be about the same size. This analogy is illustrated in Figure  5 -where Ruler 1 would be deemed to provide the most homogeneous measure for the given sonority. Should it be the case that one measure appears to be significantly superior to the others, we have seen that it is imperative to show that the observed uniformity is a result of compositional organization and is not a noncompositional artifact. For this purpose, we used control samples of music (derived in the same manner as just described). 
Hypothesis
In formal terms, we tested the following hypothesis:
When considered in the context of typical instrument spectra, the spacing of partials within vertical sonorities is distributed more uniformly with respect to critical bands than with respect to either log frequency ("pitch") or frequency, and that this distribution cannot be attributed to chance alone. The sampled selection included eight piano works, six nonpiano keyboard works, two organ works, three string quartet movements, and one work for string and wind ensemble. The scores for all of the works were encoded in a computer data base. As some of the works are considerably longer than others, each score was limited to the first 3000 sonorities. This action was taken to ensure that longer works did not unduly dominate the sample. In actuality, this limitation affected only three of the sampled works. These three longer works aside, the average work contained about 1000 sonorities. In total the sample consisted of some 29,742 notes forming 26,896 sixteenth-duration vertical sonorities.
Method

PROCEDURE
In brief, the experimental procedure involved the measurement of interpartial distances for sonorities from computer-based encodings of musical scores. These interval distances were then analyzed in light of the hypothesis described earlier.
All works were encoded using the first author's humdrum representation scheme. Encoded musical materials were subjected to an error-checking regime (Huron, 1988) , and data reliability measures were determined. The number of significant digits given in our results does not exceed the number of digits mandated by the reliability of the encoded data.
The raw data consisted of pitch indications for concurrently sounding tones-as notated in the scores. A general distinction can be made between two approaches to the measurement of concurrent pitch intervals: the figurai method and the time-base method. The figurai method determines the type of interval for each novel vertical sonority-that is, a new interval is deemed to occur each time a new note is articulated in any one of the voices forming the interval. By contrast, the time-base method determines the pitch distance between voices at regular metric divisions-such as every eighth duration. In this study (and in the replication study described earlier), sonorities were calculated every sixteenth duration for all works.
For each sonority in the sample, interval distances were measured according to three rulers: frequency (hertz), log frequency (semitones), and critical bands (critical bandwidths). In the case of frequency measures, each notated pitch was converted to the 
on the basis of an equation given in Vos and van Vianen (1985). 3 Vos and van Vianen's equation yields the size of the critical bandwidth (in cents) for any given center frequency. Given a lower frequency bound, Vos and van Vianen's equation can be modified to yield the corresponding upper frequency bound that demarcates a single critical band-
width. This calculation can be done by using an iterative approximation procedure. The distance between two arbitrary frequencies (in critical bandwidths) can be calculated by approaching from below the upper frequency-first in whole numbers of critical bands, then in tenths of critical bands, then in hundredths of critical bands. By way of example, the distance between C4 and E4 is 4 semitones, or 68 Hz, or 1.12 critical bands. The distance between C3 and E3 (the major third an octave lower) is 4 semitones, or 34 Hz, or 0.83 critical bands. By using these measures, the interval distances between successive tones in a given sonority can be determined as in Table 1 .
Measures such as those illustrated in Table 1 would pertain to instruments that produce only pure sine tones pitched at the fundamental frequency. We must also account for secondary intervals that arise because of the spectral content of typical instruments. Table  2a recasts the sonority of Table 1 to include both the fundamental frequency and the second harmonic for each constituent tone. The interval distances between successive partials have been recalculated. Table 2b illustrates the procedure in the case of three harmonics.
A question arises as to how to model the harmonic content present in typical instrumental performance. Plomp and Levelt used nine equally weighted harmonics in their spectral expansions of notated sonorities. Given that the confound identified earlier is a function of the number of harmonics considered, we endeavored to establish a more appropriate estimate of typical spectral content.
We carried out several spectral analyses of common musical instruments. Of course, spectral profiles are highly variable-not only from instrument to instrument, but for individual tones within a given instrument. In the case of the human voice, it is known 2. In the case of older works, the tuning standard is generally lower than A440; consequently the tuning standard is apt to confound our analysis results slightly. In the absence of detailed tuning information, this confound was assumed to be negligible. that a relatively large proportion of the total energy is distributed among the upper harmonics. For most musical instrument tones, however, such a marked upward skew in the energy distribution is generally not evident-except in the low-pitch region. Figure 6 shows an average of harmonic spectra for several midrange tones from five common musical instruments: piano, flute, clarinet, violin, and trumpet. This profile can provide a very crude approximation of "typical" spectral content for midrange instrumental tones.4 For the data 4. Spectral content can vary radically according to pitch range, instrumentation, dynamic level, and articulation. A more sophisticated analysis might include the effect of each of these factors on steady-state spectral content and their subsequent effects on the spacing of vertical sonorities.
A better measure of critical-band distances is provided by Moore and Glasberg's ERB-rate scale (Moore & Glasberg, 1983).
in Figure 6 , the ratio of the amplitude of the fundamental to the sum of the amplitudes for the second through seventh harmonics is 1:1.6. In the case of Plomp and Levelt, the comparable ratio for the second through seventh harmonics is 1:6-nearly four times as much energy in the upper harmonics as we found in our instrument spectra. The discrepancy is aggravated by the fact that Plomp and Levelt included equally weighted eighth and ninth harmonics as well.
In short, the use of seven or more equally weighted harmonics in the analyses carried out by Plomp and Levelt is questionable because typical spectral profiles for real instruments do not often show such energy in the higher harmonics. If an analysis is to be based on the assumption of equally weighted harmonics, then our analysis of instrument tones suggests that two or three equally weighted harmonics may be a better approximation of actual spectral content than nine such harmonics.
Each sonority from both the composed and control groups was examined for each of four harmonic expansions-using each of the three yardsticks (frequency, log frequency, critical bands). Specifically, we measured the degree to which each sonority exhibited a uniform spelling with respect to each yardstick. The yardstick for which any given sonority displayed the greatest uniformity was determined using a procedure derived from the Kolmogorov-Smirnov test of goodness of fit (Siegel, 1956 ). The highest and lowest tones in a given sonority were used as anchor points. (Thus, only sonorities containing three or more tones [partials] were included in the uniformity measures.) A sonority was deemed "uniform" if its remaining tones were evenly spaced between the two anchor tones (according to a given yardstick). The distribution of the inner tones in the sonority was measured against a hypothetical ("ideal") sonority whose outer tones were the same as the anchor tones, but whose inner tones were perfectly evenly spaced according to one of the three yardsticks. For each tone in the actual sonority, the deviation from the corresponding tone in the "ideal" sonority was determined. As in the Kolmogorov-Smirnov test, only the tone that deviated most from its "ideal" counterpart was considered (i.e., the maximum deviation). Each maximum deviation was then normalized by expressing the size of the deviation as a percentage of the distance between the two anchor tones. For any given sonority, normalized maximum deviations for each of the three yardsticks were compared, and the yardstick displaying the smallest maximum deviation was determined; this was deemed to be the "best" yardstick for the given sonority.
Using this procedure, each sonority for all of the conditions (composed/ noncomposed x number of harmonics) was characterized as being most uniform according to one of the following: frequency, log frequency, or critical bands. Table 3 displays the results according to the number of harmonics (one-four) contributing to the sonority. The total number of sonorities categorized as most uniform with respect to frequency, log frequency, and critical bands is tabulated. The values given in parentheses indicate the corresponding totals for the sample of random music. Several observations are pertinent.
Results
Notice first that in the case of the random sample, the number of sonorities classified as most uniform with respect to critical bands increases markedly as the number of harmonics is increased (from 2,692 to 16,847). This increase attests to the confounding phenomenon identified earlier-namely, that adding harmonics skews the distribution in favor of the critical-band yardstick, even in the case of randomly generated sonorities. This artifact accounts for the results in Plomp and Levelt and emphasizes the caution with which such data must be viewed.
A more informative interpretation of the results would stress the contrast between the results for the actual music and those for the sample of random music. In light of our hypothesis, it would be expected that sonority counts for critical bands would be significantly higher in the actual sample than in the control sample-indicating that compositional practice is most consistent with the pursuit of a critical-band-uniform spacing. The results show this predicted skew. In order to determine whether this pattern is significant, a chi-squared analysis was carried out-using the proportions for the control tallies as the expected values. The hypothesis would predict that the number of sonorities classified as most uniform with respect to critical bands should be significantly greater in the actual music than in the control sample. The data were found to be consistent with this prediction under all four harmonic expansions ( Compared to a random reordering of the same musical tones, these results imply that composers endeavor to organize sonorities so that the spacings of the resulting partials are most uniform with respect to critical bands. Having established that compositional practice is consistent with the pursuit of a critical-band spelling, we may rightly ask how successful composers are at achieving this goal. This question can be answered by examining the absolute number of sonorities classified as most uniform with respect to critical bands. In the case of two harmonics, the number of sonorities classified as most uniform with respect to critical bands is less than those classified according to the log-frequency yardstick. In the case of three harmonics, the rank order changes: more sonorities are classified as most uniform with respect to critical bands (14,749), with semitones claiming somewhat fewer sonorities (10,442). Prima facie the case for critical bands appears not to be especially strong. However, a further mitigating issue needs to be addressed.
It is easy to exaggerate unduly the differences between semitones and critical bandwidths. In fact, critical bandwidths and semitone distances are quite closely correlated. For example, over the 8 8 -note range of the piano, the correlation between critical-band distances and semitone distances is r = + 0.9779. Especially in the midregion of hearing, log-frequency and critical-band yardsticks are virtually indistinguishable. For example, the octave between C4 (middle C) and C5 exhibits a correlation of +0.9994 between semitones and critical bands.5 A large proportion of our sample of musical pitches lies precisely in this middle region. Given the close correlation between semitone intervals and critical bandwidths the discrimination criteria may be unduly fine. Thus we can expect a large degree of overlap in the classification of sonorities.6
It is primarily in the extremes of audibility that differences between log frequency and critical bands are most noticeable-especially in the bass region. We carried out a post-hoc analysis to establish whether sonorities in the bass region systematically differentiated between semitones and critical bands. Given the high correlation between critical bands and log frequency in the middle region, our post-hoc hypothesis would predict that differences between these two measures should become more apparent in those sonorities that include pitches further away from the central pitch region.
5, The correlations between critical bandwidths and frequency distances are similarly very close: over the 88-note piano range -h 0.9393; for the region C4-C5 -hO.9980.
6. In retrospect, a better method of analysis would classify a given sonority, only if the differences between the maximum deviations for two or more competing classifications exceeded some threshold.
Out of the total sample of actual sonorities, we iteratively studied a subset of sonorities containing lower and lower bass pitches. The results are given in Figure 7 . The vertical axis in Figure 7 represents the proportion of sonorities that were classified as most uniform with respect to critical bands. The horizontal axis identifies the cutoff pitch above which sonorities were eliminated from consideration. For example, the leftmost bar in Figure 7 pertains to only those sonorities having a bass (or lowest) pitch lower than C4 (middle C); the rightmost bar pertains to all sonorities having a bass pitch lower than C2. Figure 7 shows the results for three harmonics.
As can be seen in Figure 7 , as the cutoff pitch is lowered, a greater proportion of the selected sonorities are classified as most uniform with respect to the critical-band yardstick. For sonorities having a bass pitch lower than middle C (C4), 57% are classified as most consistent with the critical-band yardstick. However, for sonorities having a bass pitch lower than C2, the proportion of sonorities so classified rises to 77%. This result is consistent with our post-hoc hypothesis. It supports the view that the relatively large number of sonorities classified as most consistent with respect to the semitone yardstick were those sonorities lying in the middle pitch region-a region where semitone distances are virtually identical to critical bands. Overall, the results of this study lend weight to the preeminence of the critical-band yardstick over either frequency or semitone distances in the spacing of vertical sonorities.
Conclusion
We have seen that in the notation of vertical sonorities, composers do space tones with wider intervals at the bottom of the sonority. This arrangement explains the appeal of the traditional heuristic that sonorities be laid out according to the harmonic series. However, when typical energy spectra for complex musical tones are considered, the spacing of successive partials in vertical sonorities appears to be most uniform with respect to critical bands. Moreover, in comparing a control sample of music with the actual music, the results are consistent with the active compositional pursuit of a greater uniformity of spelling with respect to critical bands than would otherwise be the case. If it is assumed that the degree of tonal consonance for any given sonority is uniformly distributed throughout the pitch domain, this finding is consistent with Plomp and Levelt's theory of tonal consonance.
Our method assumed that compositional practice takes into account the spectral content of actual instrumental sounds. The overall pattern of our results seems to affirm this assumption as bearing some merit. This raises the question of how this acoustic knowledge came to be reflected in compositional practice. Perhaps with greater musical experience, composers integrate knowledge provided by their ears into their craft. Another potential explanation is that music theory provides implicit heuristics for taking into account the interaction of spectral content with other musical variables. Certainly, there are no formal rules for dealing with spectral content in standard Western music theory. In turn, this suggests that a possible line of future research would be to investigate whether differing instrumentation affects the organization of vertical sonorities in a manner consistent with the distribution of spectral energy in the participating instruments.7 7. Our thanks to Keith Mashinter for generating the harmonic spectra and to Erin Harvey and Gregory Bennett for statistical advice. The authors gratefully acknowledge software support provided by Mortice Kern Systems (Waterloo, Canada).
